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Instructions for translators

1. Open this file on GitHub server. If you see https://um.mendelu.cz/. .. in URL, click View on
GitHub to open this file on github.com.

2. If you see this file on GitHub server, you can edit the content of the file. Open the file in an editor.
You can use simple editor (pres e on GitHub). However, an advanced VS Code editor (press . on
GitHub) is better, since it provides preview how the Markdown code renders. Alternatively press
pencil for simple editor or press triangle next to the pencil to get access to VS Code described as
github.dev.

3. Fix the keywords in the preamble.

4. Depending on which language version you want to use as a source for your translation, delete
either English or Czech version below.

5. Translate to your language. Keep Markdown marking and math notation. If you use a tool to get
first version of the translation, make sure that the markup is preserved.

6. In VS Code you can open the preview in another window by pressing Ctrl+V and K. Keep the
preview open as you work, or close using a mouse.

7. Instead of saving, you have to commit and push the changes to the repository. Fill the Message
under Source control (describe your changes, such as “Polish translation started”) and then
press Commit&Push.

8. Make sure that your changes appear in the commit history. In rare cases (if you work with si-
multaneously with someone else) you have to download /Pull/ and merge his and yours changes.
Usualy Sync (Pull & Push) should work.

9. When you finish the translation, change is_finished: False in headerto is_finished: True.

Instrukce pro prekladatele

1. Otevrete tento soubor na serveru GitHub. Pokud méate soubor otevien nahttps://um.mendelu.cz/. . .,
otevrete jej na serveru github.com.

2. Pokud tento soubor vidite na serveru GitHub, mizete obsah souboru upravit. Otevrete soubor
v editoru. Mizete pouZit jednoduchy editor (stisknéte e na GitHubu). Lepsi je vSak pokroily editor
VS Code (stiknéte . na GitHubu), protoze poskytuje nahled, jak se kéd Markdown interpretuje.
PFipadné stisknéte tuzku pro jednoduchy editor nebo stisknéte trojihelnicek vedle tuzky, abyste
ziskali pristup k editoru VS Code popsany jako github.dev.
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3. Opravte kli¢ova slova v preambuli.

4. V zavislosti na tom, kterou jazykovou verzi chcete pouzit jako zdrojovy kéd pro sviij prekladu,
odstrante nize uvedenou anglickou nebo Ceskou verzi.

5. Prelozte do svého jazyka. Ponechte znaceni Markdown a matematicky zapis. Pokud pouZijete
nastroj typu DeepL pro ziskani prvni verze prekladu, ujistéte se, ze zapis matematickych vyrazi
byl zachovan.

6. Ve VS Code mizete nahled otevfit v jiném okné stisknutim Ctrl+V. a K. Béhem prace nechte
nahled otevieny nebo jej zavrete pomoci mysi.

7. Misto ulozeni musite zmény zaregistrovat a odeslat do Ulozisté. Vyplite zpravu v poli Zprava
(popiste své zmény, napf. “Zahdajen preklad do polstiny”) a poté stisknéte tlalitko Commit&Push.

8. Ujistéte se, ze se vaSe zmény objevi v historii revizi. Ve vyjime¢nych pfipadech (pokud pracu-
jete soulasné s nékym jinym) musite stdhnout /Pull/ a sloudit jeho a vase zmény. Obvykle by
synchronizace (Pull & Push) méla fungovat.

9. Po dokonceni prekladu zménte is_finished: False v zdhlavi na is_finished: True.
Czech source
Vd Va4
Odpal golfového micku

Sikmy vrh

Sikmy vrh je nejobecnéjsi zpiisob uvedeni télesa v homogennim tihovém poli do pohybu. Pfedpokladejme,
ze hmotny bod byl Sikmo vrzen v prostfedi bez odporu a vektor jeho pocatecni rychlosti v svird
s vodorovnou rovinou Uhel «. P¥i zavedeni kartézského soufadného systému s osou x vodorovnou ve
sméru vrhu a osou y svislou vzhiru bude rychlost dana vektorem

Uo = (vg cos ar, vg sin ).

Pohyb télesa je ovlivnén tihovym zrychlenim o velikosti g mificim svisle doli. Vodorovnd komponenta
tihového zrychleni je nulova a proto ve vodorovném sméru pohyb neni tihovym polem ovlivnén. Ve sméru
svislém je pohyb télesa ovlivnén zrychlenim —g a jedna se o rovnomérné zpomaleny pohyb s pocateénf
rychlosti vg sin a.

Pro soufadnice polohy hmotného bodu bude platit
x(t) = vot cos a,

1
y(t) = votsina — igt2.
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Hrac golfu odpaluje micek pocatedni rychlosti vg svirajici s vodorovnou rovinou thel «.. Pfedpokladejme,
ze na micek plsobi zanedbatelné odporové sily. Pohyb micku tedy splfiuje podminky pro pohyb Sikmo
vrzeného télesa v prostredi bez odporu vzduchu.

Uloha 1. DokaZte, e trajektorii golfového mi¢ku je parabola.

Reseni. Pro nalezeni rovnice trajektorie, tedy funkce y = f(x), je nutné z rovnic (1) uréujicich polohu
bodu odstranit parametr t.

x

Proto vyjadfime z prvni rovnice Cas t = a dosadime ho do rovnice druhé:

V0 COS
, 1 x? g 5 sina
y(:c)—vosmav 39 = geeda F T cen
0 COS v v cos? a v cos? o cosa

Odtud vidime, ze y-ova soufadnice trajektorie je kvadratickou funkci z-ové soufadnice a trajektorii
golfového micku je proto parabola.

Uloha 2. Vypoditejte vydku vrhu, tj. maximalni vySku yqe, do které se dostane vystteleny micek.

Reseni. Pro vypocet vydky vrhu potfebujeme vypoditat extrém funkce z predchoziho bodu:

g 5  SinQ
Yy=——5—— 2"+ T
fry 203 cos? cos &
Vypocitame derivaci funkce f
, g sin o

Y =——5"—— 22 .
202 cos? cos &

Pro nalezeni stacionarniho bodu polozime derivaci rovnu nule a dostaneme rovnici

g sin o

‘r= .
vg cos? o cos a

Jejim Fesenim je
v sinavcos o

9

Tmax =



Vzhledem k tomu, ze trajektorii pohybu je konkdvni kvadratickd funkce, musi byt nalezeny stacionarni
bod jejim maximem, tj. jeho svisla souradnice odpovida vysce vrhu.
Vysku vrhu vypocitdme dosazenim ziskané soufadnice x4, do funkce f:

2 Gin2
vg sin® o

29

Ymax =

Uloha 3. Vypoditejte, p¥i jakém thlu a doleti micek p¥i konstantni velikosti po&ate¢ni rychlosti do
maximalni vzdalenosti.

ReSeni. Pro vypocet (ihlu maximalniho dosttelu potfebujeme ziskat soutadnice x4 mista dopadu jako
funkci Ghlu « a tuto funkci maximalizovat, tj. najdeme maximum funkce z4(a). Vzhledem k tomu, ze
pri dopadu mi¢ku bude y = 0, dosadime do funkce

g sin o
2 ha

y(w) = - 203 cos? T cosa

za y nulovou vysku a vyfeSime ziskanou rovnici:

sin «
O: g 2 -

— . x
203 cos? cos o

sino
0:m~<— 292 -x 4 )
2v§ cos? v cosa

Tato rovnice v soudinovém tvaru ma dvé feseni. Prvni feSeni z = 0 odpovidd mistu odpalu micku a
druhé feseni x4 mistu dopadu

2v3sinacosar v}

z4(a) = ——— = —sin2a .
g 9
Nyni je nutné nalézt maximum funkce z4(c). Vzhledem k tvaru trajektorie stadi najit jeji stacionarni

bod. Vypod&itdme derivaci funkce z4(c) podle «

02
zh(a) = 2 - cos2a -2 .
g

Polozime-li derivaci rovnu nule, dostaneme pro stacionarni bod cos 2a. = 0, coz je splnéno pro 2« = 90°
(pro odpal mitku zfejmé plati o € (0°,90°), proto je fedeni jednozna¢éné). Odsud a = 45°.

Maximalniho dosttelu pfi golfu docilime pfi odpalu pod Ghlem a = 45° a micek dopadne do vzdalenosti

2 2
xq(45°) = % sin(2-45°) = %
g g

2
Funkci z4(a) = %0 sin 2a. jsme mohli ziskat i snadnéji vyuzitim symetrie paraboly. Vrchol paraboly totiz
lezi uprostred trajektorie mi¢ku. Proto pro misto dopadu x4 plati 24(ct) = 2 - Zpas. Tim se vyhneme
FeSeni kvadratické rovnice v soudinovém tvaru ziskané dosazenim y = 0 do funkce y(z).
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English source
Golf Ball Shot

Oblique Projectile Motion

Projectile motion is the most general way of setting an object in a homogeneous gravitational field
into motion. Suppose that a body (point mass) is thrown obliquely into space without resistance. The
initial velocity is Uy and the angle between the vector #y and horizontal direction is a. Let us introduce
the Cartesian coordinate system with horizontal z-axis and vertical y-axis as shown in the picture. The
coordinates of the initial velocity vector are

Uo = (Vg cos a, vg sin ).

The motion of the body is governed by an acceleration due to gravity g directed vertically downwards.
The horizontal component of the gravitational acceleration is zero, therefore the motion in the horizontal
direction is unaffected by the gravitational field. The vertical component of the motion is affected by
the negative acceleration —g. Hence, it is a movement with constant (uniform) deceleration and initial
velocity vgt sin a.

We can use formulas for distance of motion with constant speed and constant acceleration to quantify
the coordinates of the point mass. By doing so we get

x(t) = vot cos v,

o 1, (1)
y(t) = vot sina — ggt .
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Figura 2: Sikmy vrh
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A golfer hits a ball with an initial velocity vg. The angle between the initial velocity and the horizontal
plane is a. Let's assume that the drag force is negligible. The motion of the ball therefore satisfies the
conditions for movement of a projectile launched at an angle in an environment without air resistance.

Exercise 1. Prove that the trajectory of the golf ball follows a parabolic path.

Solution. To find the equation of the trajectory in the form y = f(x) it is necessary to eliminate the
parameter ¢ from the system (1).

X
Vo COS ¢

We solve the first equation with respect to time ¢t = and substitute into the second equation:

1 z? g 5 sina

y(x) = vg sina — =g = — T —
() vocosa 27 vEcos? a 203 cos? cos

From here we see that the y-coordinate of the trajectory is a quadratic function of the z-coordinate and
the trajectory of the golf ball is therefore described by a parabola.

Exercise 2. Calculate the height of the throw, i.e. the maximal height y,,4. that the launched ball
reaches.

Solution. The height of the throw (projectile motion) is the maximum of the function from the previous

exercise: .
g 5  Sina

fry=

_ oz .
203 cos? cos «
We calculate the derivative of the function f as

, g sin
y =

——— 2z .
203 cos? cos &

To find the stationary point, we set the derivative equal to zero and obtain the equation

g sin
€r =

v cos? a cosa

The solution of this equation is

vgsinacos
x"na:l) - .

9

Since the trajectory of the motion is a concave down quadratic function, the located stationary point is
the maximum and the vertical coordinate of this point is the height of the throw.
The height of the throw is calculated by evaluating the function f at the obtained coordinate z,,q:
v sin® a
29

ymaz -

Exercise 3. Given constant initial velocity, find the angle o which guarantees maximal distance
between the initial and the terminal point of the trajectory.

Solution. To find the maximum range angle we need to obtain the terminal point x4 of the trajectory
as a function of the angle a and find the maximum of the function x4(«). Given that y = 0 when the



ball hits the ground, we find zeros of the function

(@) g 9 SN
y r)=——m— - .
203 cos? « cos &
From here we obtain: }
0= g 5 sina

—_— . x . l‘
203 cos? cos

sina
O:x. — 2'9 3 :17+ .
2v3 cos* o cos

This factorized equation has two solutions. The first solution x = 0 corresponds to the place where the
ball is launched and the second solution x4 to the place of impact

2u2sinacosa V2 .
=290 = — Ysin2a.
g g

zq(av)
Now we need to find the maximum of the function z4(«). It is sufficient to find the stationary point,
since it has been showed that the trajectory is a parabola that opens downward. We calculate the
derivative of the function x4(a) with respect to «

02
zh(a) = 2 - cos2a -2 .
)

By setting the derivative equal to zero, we get cos 2a: = 0, which is satisfied for 2a = 90° (for the ball
to be launched, obviously o € {(0°,90°), so the solution is unambiguous). Thus the stationary point is
a = 45°.

The maximum range in golf is achieved when hitting the ball at an angle oo = 45° and the ball lands at

a distance of )

2

o Yo _. o Yo
xq(45°) = —=sin(2-45°) = —.
g ) g

Note that it is possible to obtain the function z4(«) = v sin 2a¢ without calculus by using the symmetry
of the parabola. The vertex of the parabola is located in the middle of the zero points. Therefore, the
x-coordinate of the impact point can be quantified as 24(@) = 2+ Zmaq-

This allows us to avoid solving the quadratic equation obtained by substituting y = 0 into the function
y(x) and factorizing the right-hand side.
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